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1. INTRODUCTION 
Suppose G is a finite group and 7~ is a set of primes. If G has a Hall rc- 
subgroup, then it is easy to verify that every composition factor group of G 
also has a Hall rc-subgroup. The converse of this statement, however, is 
known to be false and the smallest counter-example is rr = { 2, 3) and 
G = the group of all automorphisms of the simple group of order 168. 
One consequence of the results in the present paper is that if for each 
composition factor group S of G, the group of all automorphisms, Aut(S), 
of S has a Hall z-subgroup, then G also has a Hall z-subgroup. As might 
be expected, our main result is slightly more general in that we really do 
not need to consider all of Aut(S) but rather the subgroup consisting of 
those automorphisms of S induced by elements of G. Our result about the 
existence of Hall subgroups depends upon the study of groups G with a 
normal subgroup H such that both H and G/H have a Hall rc-subgroup but 
G does not. Here we show that H (and hence G) must have a composition 
factor S such that S has a Hall n-subgroup but Aut(S) does not. After 
deriving our theorems about the existence of Hall subgroups, we also 
obtain similar results about the property D,. (This was defined by P. Hall 
in [2]; the definition is repeated in Sect. 2.) 
It should be noted that our results depend upon assuming the truth of 
the Schreier conjecture: If S is a finite simple group, then Out(S), the outer 
automorphism group of S, is solvable. This of course follows directly from 
the recently completed classification of all finite simple groups. Using the 
Schreier conjecture, an induction argument reduces our theorems to a 
special case which is handled easily by the results in [ 11. Indeed, the results 
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2. NOTATION, PRELIMINARY RESULTS, AND EXAMPLES 
All groups in this paper are assumed to be finite. The order of the group 
G is denoted by (GI while if rc is a set of primes, then ICI x is the largest 
integer dividing IGI all of whose prime factors come from 7~. G is said to 
satisfy E, if G contains a Hall x-subgroup, i.e., if G has a subgroup H such 
that IHI = lG] 71. We say that G satisfies C, if G satisfies E, and if all Hall 
rc-subgroups of G are conjugate in G. Finally, if G satisfies C, and if every 
x-subgroup of G is contained in some Hall rc-subgroup of G, then we say 
that G satisfies D,. Throughout, rc’ denotes the set of primes not in 71. 
If H is a (proper) subgroup of G we write H < G (H < G). H9 G and 
H 9 9 G mean that H is a normal or subnormal subgroup, respectively, of 
G. H/K is a composition factor of G if Ku H _a9 G and if H/K is a simple 
group. G is x-solvable if each composition factor of G either is a rc’-group 
or has order p for some p E rr. 
Aut(G), Inn(G), and Out(G) denote the automorphism group, inner 
automorphism group, and outer automorphism group, respectively, of G. If 
H and A are subgroups of G, then N,(A) and C,(A) are the normalizer 
and centralizer, respectively, of A in H. If Bs A, then N,(A/B)= 
N,(A) n N,(B). If x E N,(A/B), then x induces an automorphism 
of A/B. Thus, there is a homomorphism of N,(A/B) into Aut( A/B). The 
image of this homomorphism is denoted by Aut,(A/B) while its kernel is 
denoted by C,( A/B). (Thus C,( A/B) = {x E HI Ba = Bx ‘ax for all a E A ) 
and Aut,(A/B) = Inn(A/B).) Note that 
A n H Q NJ A/B) and B n H < C,( A/B). 
Also if Hd Kd G, then 
Aut,(A/B) d Aut,(A/B). 
If S is a subset of G, then (S) is the subgroup generated by S. If H and 
K are subgroups of G, then 
G’ is the derived or commutator subgroup [G, G] while G’“’ is the ter- 
minal member of the derived series of G. Equivalently, Gcn;) is the smallest 
normal subgroup of G having a solvable factor group. @(G) represents the 
Frattini subgroup of G. 
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The sort of theorem we are aiming for is the following: 
Suppose 1 =G,<G, < ... < G, = G is a composition series for 
the group G and suppose Aut,(G,/GiP,) satisfies E, for 
1 d i < m. Then G satisfies E,. 
Unfortunately, we have to be careful about which composition series we 
use. Whether or not the groups Aut,(G,/G, 1) all satisfy E, may depend 
upon the particular composition series chosen. Consider the following 
example. 
Let A be the simple group of order 168. Then A has an outer 
automorphism x of order 2 and A(x) = Aut(A). As pointed out in [2, 
p. 2911, x interchanges the two conjugacy classes of Hall (2, 3}-subgroups 
of A and hence A(x) does not satisfy E, with rr = (2, 3). Now let B be an 
elementary abelian group of order 4 with basis { y, z} on which A(x) acts 
according to the rules: 
and 
h” = fJ forallhEBandaEA, 
yy = y, 
z-x = yz. 
Let G be the semidirect product BA (x). Since A(x) is a homomorphic 
image of G, G cannot satisfy E,. Consider, through, the series 
l<(z)<(z)A<BA<G. 
This is a composition series for G and (setting G, = 1, G, = (z), 
G, = (z) A, etc.) Aut,(Gi/G,+ ,) satisfies E, for all i. However, this is not 
true if we choose a different composition series 
l<(y)<(y)A<BA<G. 
(The difference is that x belongs to NJ ( y ) A/( y ) ) whereas x does not 
belong to NJ (z)A/( z)).) How are we to decide which composition series 
to work with? As will be seen, it suffices to choose any composition series 
which is a refinement of any chief series. (Our second series above actually 
is a chief series.) 
We can avoid the problem of which composition series to use by dealing 
with certain subgroups whose significance was printed out by Wielandt [3, 
pp. 225-2291. We will call the subgroup A an atom (this term is not used 
in [3] although Wielandt used it in is a series of lectures in 1960) of G if 
A 59 G, A’ = A, and A has exactly one maximal normal subgroup which 
will be denoted A*. Necessarily, then, A* is a characteristic subgroup of A 
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and A/A* is a nonabelian simple group. d(G) will denote the set of all 
atoms of G. The following basic facts about atoms either are proved in [3] 
or are immediate consequences of results in [3]. 
2.1. Let H/K be a nonabelian composition factor of G. Then there is one 
and only one A E d(G) such that H = AK. Further, A*=HnK, 
H/Kg A/A*, N,(H/K) Q N,(A), and Aut,(H/K) is isomorphic to a group L 
with 
Inn(A/A*) d L < Aut,(A/A*). 
2.2. G’“‘= (AlAg&(G 
2.3. Zf A E d(G) and A 6 (H, ,..., H, >, where H, ,..., H, are subnormal 
subgroups of G, then A < H, for some i, 1 < i < m. 
The next 3 lemmas give simple facts about atoms which we will need 
later. It should be noted that from now on we are using the fact that 
Out(S) is solvable whenever S is a simple group. As pointed out earlier, 
this is a consequence of the classification of finite simple groups. 
2.4. LEMMA. Assume Mu G and H/ME .d(G/M). Then there is a unique 
A E J&‘(G) such that H = AM. Further, A%,,((WMY(H/W* 1 g 
Aut,(A/A*). 
Proof Let K/M = (H/M)*. Then H/K is a nonabelian composition fac- 
tor of G. Hence, by 2.1, H= AK for a unique AE d(G) and A* = A n K. 
Since H/M< (K/M, AMJM), it follows from 2.3 that H < AM. This 
implies that H = AM. Now if H = BM with BE d(G) then A < BM and 
B < AM and so 2 applications of 2.3 yield A = B. The first part of the 
lemma is proved. 
Since A* = A n K, we must have H/K = AK/Kg A/A*. Since A is unique, 
N,(H) d N,(A) 6 N,(AM) = N,(H). 
It now follows that 
NG,M((WWI(WM)) = N,(A JIM 
and 
G,,((HIWI(KIW) = C,(AIA *l/M, 
This implies that 
A%,d(WWI(K/W) z AubAAIA * ). 
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2.5. LEMMA. Let 1 = GO < Gr < . . . < G, = G be a composition series of 
G which is a refinement of a chief series. If A E d(G) then for some i, 
1 <i<m, we have A/A*zGG,/GipI and Aut.(A/A*)~Aut.(Gi/G,+,). 
Proof Let 1 = M, < M, < . < M, = G be the chief series which has 
Go,..., G, as a refinement. Now A $ M, and A GM,,,. Choose r to be the 
largest integer such that A 4 M,. Clearly r d m ~ 1 and A d M,, , . Since 
AnM, is a proper normal subgroup of A, AnM, must be contained in 
A*. Then A/A n M,, having only one maximal normal subgroup, must be 
indecomposable. But A/A n M, is isomorphic to AM,/M, which is a sub- 
normal subgroup of M,, ,/M,. Since M,, ,/M, is the direct product of 
isomorphic simple groups, it follows that A/A n M, is simple. Hence 
A n M, = A*. Then, since A/A* is nonabelian, M,, ,/M, must be the direct 
product of all the conjugates of AM,/M, in G/M,. Now M, = Gip, for 
some i, 1 <i<n, and M,,, = G, for some j 3 i. It now follows that G, and 
AM, are conjugate in G. Therefore 
Aut,(GJG;p ,)%Aut,(AM,/M,). 
Since AM,/M, must be an atom of G/M,, we can apply 2.4 with the result 
that 
Aut,(AM,/M,)gAut,(A/A*). 
The lemma now follows. 
2.6. LEMMA. Suppose A E d(G). Then G contains a subgroup H such 
that H’“‘= A and Aut,(A/A*) is a homomorphic image of H. 
Proox Let N= N,(A/A*) and C=C,(A/A*). Then N/AC, being 
isomorphic to a subgroup of Out(A/A*), is solvable. Choose B to be a sub- 
group of minimal order in N such that N = B(AC). Then Bn AC< Q(B) 
and so B/@(B) is solvable. Therefore, B is solvable. B must normalize A 
(since B< N) and so AB is a subgroup of G. Let H = AB. Now, H/A is 
solvable and so Hcz) 6 A. Since A’ = A, we must have H’“’ = A. Now 
Aut,(A/A*)?N/C= BACIC = HCICgHIHnC 
and the proof is complete. 
We now list some basic facts about the properties E,, C,, and D,. The 
first 3 are well known and straight-forward and, for that reason, no 
reference is given. 
2.7. Let MA G. If H is a Hall rc-subgroup of G, then HM/M is a Hall z- 
subgroup of G/M. If G satisfies one of the properties E, or D,, then G/M 
satisfies the same property. 
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2.8. If H is a Hall n-subgroup of G and if K d a G, then H n K is a Hall 
rc-subgroup of K, In particular, if K is a z-group, then H 3 K. 
2.9. Suppose G=G,xG,x ... xG,. Then G satisfies one of the proper- 
ties {En, Cz,D7c} if, and only if, each Gi satisfies that property. If H is a 
Haliz-subgroup of G, then H=(HnG,)x(HnG,)x ... x(HnG,). 
2.10. If G is either z-solvable or n’-solvable, then G satisfies D, 
This result, due to Cunihin, may be found in [2] 
2.11. Let MaG. 
(1) If M satisfies C, and G/M satisfies E,, then G satisfies E,, 
(2) ZfM and G/M both satisfy C,, then G satisjies C,. 
Part (1) is a result of Cunihin and part (2) requires the Feit-Thompson 
Theorem. Both appear in [2, pp. 29222931. 
It is an easy consequence of 2.1 l(2) that if every composition factor 
group of G satisfies C,, then G also satisfies C,. It is for this reason that 
our later theorems consider only sufficient conditions for G to satisfy either 
E, or D,. 
Our final preliminary result is simply a restatement of a theorem in [ 11. 
2.12 [ 1, Theorem 4.51. Assume that MS G and that 
M=S,x ... xS, 
where S, ,..., S, is a complete conjugacy class of subgroups in G. Let 
N = NG(SI) and K = S2 x . x S,. Then the following are true: 
(1) If K d L d N and N = LS,, then there is a subgroup H in G such 
G=HM, L=(HnN)K, HnM=(HnS,)x ... x(HnS,), {HnS,,..., 
H n S,} is a complete conjugacy class of subgroups in H, and H n S, = 
L n S,. Further, H is unique up to conjugacy under K. 
(2) SupposeHdG,G=HM,andHnM=(HnS,)x ... x(HnS,). 
Assume further that H, < G and G = H, M. Then H, is conjugate in G to a 
subgroup of H tf, and only tf, (H, n N) is conjugate to a subgroup of 
(H n N) K in N. H, is conjugate in G to H if, and only if, (H, n N) K and 
(H, n N) K are conjugate in N and also 
H,nM=(H,nS,)x ... x(H,nS,). 
Before proceeding directly to the main results, it may be well to point 
out that the properties E,, C,, and D, do not induct very well. For exam- 
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ple, P&5,(31) contains a cyclic subgroup of order 1.5. It follows from [4] 
that G satisfies D, with rc = (3, 5}. However, G contains a subgroup 
isomorphic to the simple group of order 60 which does not satisfy E,. Even 
if we restrict ourselves to normal subgroups the situation may not be much 
better. For example, let G =PGL,(23), H= P&5,(23), and z = (2, 3). 
Then H has 3 conjugacy class of Hall n-subgroupsPtwo of type S, (the 
symmetric group of degree 4) and one of dihedral type. Thus H does not 
satisfy C,. The elements of G - H exchange the two classes of type S,. 
Thus no subgroup of type S, in H is contained in a subgroup of order 48 
in G. Since H has only one class of Hall n-subgroups of dihedral type, this 
class must be fixed by G. It now follows that G does satisfy C,. This exam- 
ple also shows that the converse of 2.11(2) is false. 
3. E,-THEOREMS 
First, we need some results allowing us to use induction. 
3.1. LEMMA. Suppose M_aG, M< H< G, G satisfies E,, H/M satisfies 
E,, and G/M satisfies D,. Then H satisfies E,. 
Proof Let A be a Hall n-subgroup of G. Then AM/M is a Hall n-sub- 
group of G/M. Since G/M satisfies D, and since H/M satisfies E,, we may 
assume (replacing A by a conjugate if necessary) that (AM/M) n (H/M) is 
a Hall rc-subgroup of H/M. Let B = A n H. We claim that B is a Hall n- 
subgroup of H. Certainly B is a rc-subgroup of H. Now M ,< AM n H d AM 
and so AMn H= MB. Then 
IB/Mn BI = IBM/MI = I(AMnH)/M[ = /H/MI,. 
Since I A n MI = I MI x by 2.8 and since M d H, 
~MnB~=~MnAnH~=~MnAI=~M)~. 
It now follows that IBI = [HI, and so B is a Hall z-subgroup of H. 
3.2. COROLLARY. Suppose G satisfies E, and G’“‘< H 6 G. Then H 
satisfies E,. 
ProoJ G/G’“’ is solvable and so G/G’“’ satisfies D,. Now apply the 
lemma with M= G(“). 
3.3. COROLLARY. Assume AE&(G), A <H< G, and Aut,(A/A*) 
satisfies E,. Then Aut,( A/A*) satisfies E,. 
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Proof. Out (A/A*) is solvable and so 
(Aut,(A/A*))(“‘< Inn(A/A*) = Aut,(A/A*) < Aut,(A/A*). 
Now apply 3.2 to Aut,(A/A*). 
As pointed out in the Introduction, if a normal subgroup and the factor 
group both satisfy E,, this does not imply that the whole group satisfies 
E,. We now look at this question more closely. 
3.4. THEOREM. Let Mg G and assume that both M and G/M satisfy E, 
but G does not. Then G has a nonabelian composition factor H/K with 
H < M and Kg G such that H/K does satisfy E, but Aut,(H/K) does not. 
Proof Assume we have a counterexample in which IGI + IMI is as 
small as possible. Clearly M # 1 and so G must have a normal subgroup L 
such that L < M and M/L is a minimal normal subgroup of G/L. By 2.8, L 
satisfies E,. If G/L satisfies E,, then we could replace M by L. 
Hence G/L does not satisfy E,. But then we may replace G and M by 
G/L and M/L, respectively, and obtain a counterexample to the theorem. It 
now follows that L = 1. Hence M is a chief factor of G. 
By 2.1 l( 1 ), M cannot satisfy Cz Certainly therefore, M is not 
solvable. This implies that 
M=S,x ‘.. xS,, 
where {S, ,..., S,} is a complete conjugacy class of subgroups in G and Si is 
a nonabelian composition factor of G. By 2.9, Si satisfies E,. 
Now if Aut,(S,) did not satisfy E,, then we could satisfy the conclusion 
of the the theorem by choosing K = 1 and H = Si. Hence AutG(SI) satisfies 
E,. It follows from 3.3 that Aut,(S,) satisfies E, whenever M< A d G. If 
M< A d G, it would follow that the conclusion of our theorem with G 
replaced by A is not satisfied. This implies that A must satisfy E, whenever 
M 6 A < G and A/M satisfies E,. But G/M satisfies E,. If A/M is a Hall 
z-subgroup of G/M, then A satisfies E, if, and only if, G satisfies E,. The 
conclusion of all this is that G/M must be a rc-group. 
Now let S=Si, K=S2x .‘. xS,, N=N,(S), and C=C,(S). N/C 
satisfies E, by the previous paragraph. Let L/C be a Hall rc-subgroup of 
N/C. Since G/M is a rc-group, we must have N = LM. Clearly L 2 C> K. 
We now use 2.12( 1) to claim that G contains a subgroup B such that 
G=BM, L=(BnN)K, BnS=LnS, {BnS,,...,BnS,} is a conjugacy 
class of subgroups in B, and 
BnM=(BnS,)x ... x(BnS,). 
We will finish the theorem by proving that B is a Hall z-subgroup of G 
contrary to G not satisfying E,. 
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By 2.8, (L/C) n (MC/C) is a Hall z-subgroup of MC/C. Since 
MnC=K. 
l(LnMC)ICI = W/KI,= ISI,. 
Since LnMC=(LnM)C and since (LnM)nC=LnK=K and since 
KbLnMMKxS, 
jSl.=I(LnM)C/CI=I(LnM)/KI=I(Kx(LnS))/KI= ILnSl. 
This implies that B n S is a Hall n-subgroup of S. It follows from this that 
B n Si is a Hall Tc-subgroup of S, for 1 < i d n. Then, by 2.9, B n M = I MI x. 
Since G/M is a rc-group, 
IG/MI,=IG/MI=IBM/MI=IB/BnMI. 
It now follows that I BI = IG( ~. Then B is a Hall rr-subgroup of G and the 
theorem is proved. 
The next theorem is the principal result in this paper. 
3.5. THEOREM. Let I = G, < G, < . . . < G,, = G be u composition series 
qf G which is a rqfinement qf a chkf series of G. Then the following are 
equivalent; 
(a) H satkfies E, for all H such that H d G and H’“‘cla G. 
(b) Aut,(A/A*) satisfies E, for all A E d(G). 
(c) Aut,(G;/G,+ ,) satisfies E, for all i, 1 <i< n. 
(d) AutJH/K) satisfies E, for all composition factors H/K of G. 
Proof: Note that in (d), we have to consider all factors occurring in all 
composition series of G. Also note that the collection of subgroups in (a), 
i.e., (H~GIH'~) 9 _a G), includes G itself. 
Now (a) implies (b) because of 2.6 and 2.7. It follows from 2.1 and 3.1 
that (b) implies (d). Trivially (d) implies (c). From 2.5, we see that (c) 
implies (b). It only remains to show that (b) implies (a). 
Assume then that Aut,(A/A*) satisfies E, for all A E&‘(G). Suppose 
H 6 G and H(Oc) _a~ G. Any atom of H must be contained as a subnormal 
subgroup of H (m’. It follows that 
Corollary 3.3 now implies that Aut,(A/A*) satisfies E, for all A E d(H). 
Thus in proving (a), it suffices to assume H = G. We now proceed by 
induction on IGI. 
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Let M be a minimal normal subgroup of G. From 2.4, we find that G/M 
satisfies (b). By induction, therefore, G/A4 satisfies E,. If A4 is abelian, then 
2.1 l( 1) can be applied with the result that G satisfies E,. If M is not 
abelian, then 
M=A,x . ..A., 
where each Ai is a nonabelian simple group. Then Ai E d(G) for 1 d i < n. 
Since by assumption Aut,(A,) satisfies E, (note that AT = 1) and since 
Inn(A,) is a normal subgroup of Aut,(A,), we see that Ai and hence M 
must satisfy E,. Theorem 3.4 now implies that G satisfies E, and the proof 
is complete. 
3.6. COROLLARY. Zf Aut(S) satisfies E, for each nonabelian simple group 
S which occurs as a composition factor group of G, then G satisfies E,. 
Proof: This follows directly from the theorem and from 3.3. 
4. D,-THEOREMS 
As in the previous section we start out with some lemmas which will 
allow us to use induction later. 
4.1. LEMMA. Assume that MqG, M is solvable, and G/M satisfies D,. 
Then G satisfies D,. 
Proof. By 2.1 l(2), G must satisfy C,. If H is a Hall n-subgroup of G 
and A is a rc-subgroup of G, we must show that A is conjugate to a sub- 
group of H. Since G/M satisfies D,, AM must be conjugate to a subgroup 
of HM. Replacing A by one of its conjugates if necessary, we may assume 
that A d HM. Now HM/M is a x-group and M is solvable. It follows that 
HM is rr’-solvable. Then by 2.10, HM satisfies D,. Since H is a Hall rc-sub- 
group of HM, A must be conjugate to a subgroup of H. 
4.2. LEMMA. Suppose Ma G, M< H < G, G satis$es D,, M satisfies 
C,, and H/M satisfies D,. Then H satisfies D,. 
Proof: It follows from 2.1 l(2), that H satisfies C,. Now let A be a Hall 
x-subgroup of H and let B be a x-subgroup of H. We must show that 
xP ‘Bx < A for some XE H. Since G satisfies D,, there is a Hall x-subgroup 
S in G such that B < S. Since S n M and A n M are both Hall x-subgroups 
of M and since M satisfies C,, Sn M and A n M are conjugate in M. 
Hence, replacing A by an appropriate conjugate in H, we may assume that 
AnM=SnM. 
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Let P = A n M and N = N,(P). Then N contains A and S. Also BP is a 
n-subgroup of H and, obviously, if BP is conjugate in H to a subgroup of 
A, so is B. Thus, we may assume that B > P. Since M satisfies C,, the Frat- 
tini argument yields G = MN. Then N/(Nn M) satisfies D, since it is 
isomorphic to G/M. Similarly, since H must equal (H n N)M, 
(H n N)/(N n M) must satisfy D,. Certainly Nn M satisfies C, (since 
Pq N n M) and so the hypothesis of the lemma is satisfied if G, H, and M 
are replaced by N, H n N, and Mn N, respectively. If H n N satisfies D,, 
then B is conjugate to a subgroup of A in Hn N. Thus, in proving the 
lemma, we may assume that G = N. 
We now see that B is conjugate in H to a subgroup of A if, and only if, 
B/P is conjugate in H/P to a subgroup of A/P. Thus, the lemma is proved 
if H/P satisfies D,. But the hypothesis of the lemma is satisfied if we replace 
G, H, and A4 by GJP, H/P, and MJP, respectively. Therefore, we may 
assume that P = 1. Hence, M is a rc’-group. 
Using the fact that H/M satisfies D,, we conclude that BM is conjugate 
in H to a subgroup of AM. Thus, in proving the lemma, we may assume 
that B<AM. Then BM=A,M with A,=AnBM. Now A, and B are 
both complements in BM of the normal z-subgroup M. The 
Schur-Zassenhaus theorem implies that A, and B are conjugate in BM. 
This completes the proof of the lemma. 
4.3. COROLLARY. If MaG, M satisfies C,, and G satisfies D,, then M 
satisfies D,. 
ProojI Use 4.2 with H = M. 
I do not known whether it is necessary in 4.3 to assume that M satisfies 
C,. In other words, if MqG and G satisfies D,, does it follow that M 
satisfies D,. Recall, however, that an example given earlier shows that if 
MgG and G satisfies C,, it does not follow that M satisfies C,. 
4.4. COROLLARY. Suppose A E d(G), A < H d G, A/A* satkfies C,, and 
Aut,(A/A*) satisfies D,. Then Aut,(A/A*) satisfies D,. 
ProofI Apply Lemma 4.2 with G, H, and M (in 4.2) replaced by 
Aut,(A/A*), Aut,(A/A*), and Inn(A/A*), respectively. 
The next results parallel 3.4 and 3.5. 
4.5. THEOREM. Let M be a minimal normal subgroup of G. Assume that 
M satisfies C,, G/M satisfies D,, but G does not satisfy D,. Then M con- 
tains a normal, simple, nonabelian subgroup S such that S satisfies C, but 
Aut,(S) does not satisfy D,. 
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ProoJ: It follows from 4.1 that M cannot be solvable. Then 
M= S, x . . . x S,, where {S, ,..., S,} are all the distinct conjugates of S, in 
G and S, is a simple, nonabelian group. Let S = S,, N = NJS), and 
K=S,x ... xS,. 
Now G satisfies C, (by 2.1 l(2)) but does not satisfy D,. Hence G must 
contain a Hall z-subgroup H and a z-subgroup A such that A is not con- 
jugate to any subgroup of H. Since G/M satisfies D,, we may assume that 
A < HM. Then AM = (H n AM)M. It is easily verified that H n AA4 must 
be a Hall z-subgroup of AM (since AM/M is a x-group and since 
(H n AM) n M = H n M = a Hall z-subgroup of M) 
and so AA4 cannot satisfy D,. 
Suppose first that AM# G. Choose M, to be a normal subgroup of AM 
such that M/M, is a minimal subgroup of AM/M,. M/M, is the direct 
product of copies of S and so by 2.9, M/M, satisfies C,. Since AM/M is a 
rc-group, ((AM/M,)/(M/M,)) satisfies D,. Working by induction on /GI, 
we then could conclude that for some i, 1 did n, Aut,,(S,) does not 
satisfy D,. It follows then that Aut,(S,) does not satisfy D,. 
Hence, we may as well assume that AM= G. Then HM = G and, since 
Hn M is a Hall x-subgroup of M, 
HnM= (HnS,) x ... x (HnS,). 
Theorem 2.12(2) now implies that A n N cannot be conjugate in N to a 
subgroup of (H n N) K. But, since M < N < G = HM, N = (Hn N)M. It 
follows from this that Hn N is a Hall rc-subgroup of N. Certainly then 
(H n N) K/K is a Hall rc-subgroup of N/K while (A n N) K/K is a rc-sub- 
group of N/K. Therefore, N/K does not satisfy D,. 
Now let C = C,(S). Since S is nonabelian and simple, C n M = K. Then 
Thus, C/K is a normal n-subgroup of N/K. Now if N/C satisfies D,, then it 
would follow from [2, Lemma 4, p. 2971 that N/K satisfies D,. Therefore, 
N/C does not satisfy D,. Since 
Nlc~Aut,(S), 
the proof is complete. 
4.6. THEOREM. Let 1 = G, < G, < .. < G, = G he a composition series 
of G which is a refinement of a chief series of G. Then the following are 
equivalent : 
(a) H satisfies D, for all H such that H< G and H(“)~A G. 
(b) Aut,(A/A*) satisfies D, and A/A* satisfies C, for all A E d(G). 
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(c) Aut,(Gi/Gi) satisfies D, and G,/G,- 1 satisfies C, for all i, 
l<i<n. 
(d) Aut,(H/K) satisfies D, and H/K satisfies C, for all composition 
factors H/K of G. 
Proof: If A E d(G), then A’“‘= A aa G. Thus, if (a) holds, A satisfies -- 
D, for all A E d(G). It now follows from 2.6 and 2.7 that (a) implies (b). 
From 2.1 and 4.2, we conclude that (b) implies (d). Trivially, (d) implies 
(c). It follows from 2.5 that (c) implies (b). Thus, we only need to show 
that (b) implies (a). 
Assume then that (b) holds. If H < G and H(“) ag G, then any atom of 
H is an atom of G. Then Corollary 4.4 implies that Aut,(A/A *) satisfies D, 
for all A E d(H). Thus, in proving (a), it suffices to take H = G. 
Assume, therefore, that G does not satisfy D,. Let M be a minimal nor- 
mal subgroup of G. It follows from 2.4 that G/M satisfies (b). Working by 
induction on (GI, therefore, we may assume that G/M satisfies D,. Now M 
is the direct product of groups each of which either is abelian or is 
isomorphic to A/A* for some A E d(G). Thus, because (b) holds, M must 
satisfy C,. Theorem 4.5 now is applicable with the result that M contains a 
normal, simple, nonabelian group S such that Aut,(S) does not satisfy D,. 
But then S is an atom of G and we have a contradiction to (b). This com- 
pletes the proof of the theorem. 
4.7. COROLLARY. !f Aut(S) satisfies D, and S satisfies C, for each non- 
abelian simple group S which occurs as a composition factor group of G, then 
G satisfies D,. 
ProofI This follows directly from 4.6 and 4.4. 
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